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Short communication

Collective Dynamics of Ion Channels
in Biological Membranes
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Abstract. Master equation was used to describe the dynamics of coupled ion
channels in biological membranes. From the stationary solution it was found that
at a critical value of coupling strength the system undergoes phase transition of
the second order, which can be of biological relevance.
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As has been found experimentally, transmembrane ion channels are not func-
tionally independent (Kiss and Nagy 1985; Iwasa et al. 1986, Yeramian et al. 1986).
This arises from direct energy interactions between channels embedded in biological
membranes of living cells (Houslay and Stanley 1982).

A consistent description of ion channels functioning is only possible on the
basis of nonlinear nonequilibrium statistical thermodynamics (Poledna 1989; Valko
and Zachar 1989). In this work we use a simple model of interacting ion channels
to show that nonlinear effects are important also for the description of collective
dynamics.

For the sake of simplicity we consider ion channels as effectively fluctuating
two-state elements with one open (conducting) state and one closed (nonconduct-
ing) state (Liu and Dilger 1991; French and Horn 1983; Hille 1984).

Let a given configuration of ion channels in a biological membrane consist of
n, and n, open and closed channels, respectively. If the total number of channels
2N = ny + n. is constant, then the only relevant variable n (order parameter) is
given by n = (no, — n¢)/2.

Transition dynamics of the ion channels is determined by probabilities:

— Peo(No, e} — for transition from open to closed state,

= Poc{Mo,ne) — for transition from closed to open state.

Let us introduce further probability distribution function f(ne, ne;t) = f(n;t),
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which expiesses the probability that one sanmiple biological membrane has the con-
figuration {n,,n} at time t¢.

Time evolution of this function is described by master equation (Davies 1974;
Haken 1978; Risken 1984)

df(ne, ne;t)
dt
+(n+ Dpoc(ne — Ling + 1) f(no — Lone + 1;1) (1)

_{nop(o(nm ne) flne.ne;t) + ncpoc(noan(‘)f(n07n< > t)}

= (no + l)pco(no +1Ln — 1) f(no +1Ln ~ 1§t)

After introducing the functions

fo((n) = NePoc(n) = (N — n)Poc(n)

to(n) = nopeo(n) = (N + n)peo(n) @
the master equation may be rewritten in the form
UL a4 1) f(n+150) ~ teolm) Fmi) -
Fitoe(n — 1) f(n —1:t) —toc(n) fln;t).
It is also suitable to introduce probability fluxes
Jo(nit) = toc(n) f(nst) (1)
Jeo(nit) = teo(n) f(nst)
and relative flux k(n;t) between the states n and n +1
k(nit) = joc(nit) = Jeo(n + 1:8). (5)
The master equation then assumes the following simple form
dfg;;t) =k(n — 1;t) — k(n;t). (6)

The form of transition probabilities may be determined on the basis of experimen-
tally confirmed Ising-like coupling (Liu and Dilger 1993) between ion channels at
constant ligand concentration:

bt = vesp (57 57) ;

Poc(n) = vexp (—

N.!I](T ”)
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where v is transition probability in the uncoupled channel; g is strength of inter-
action between ion channels; K is the Boltzmann constant; and T is temperature.
For the sake of simplicity, the same coupling was considered among all channels,
this approximation being similar to all-to-all coupling of the neural network theory
(Watkin et al. 1993; Babincova and Babinec 1995).

Using explicit form of transition probabilities we get

teo(n) = V(N + n)exp (3=n) o

Stationary solution to the master equation (6) may be determined from the condi-
tion (Hinggi et al. 1990)

dfu

el 0 or explicitly kg (n — 1) = ko (n) (9)

where f; is stationary probability and kg is stationary net flux.
Using natural boundary conditions

E(N;t)=k(—N;t) =0 (10)

it follows that
kg(n)=0for ~N<n<N (11)

or equivalently
toc(n = 1) fse(n — 1) = to(n) fau(n). (12)

Eq. (12) may be resolved recursively, which gives
fae(n) = fot(0) H toc(l = 1)/teo(l) for 1 <n < N. (13)

The value f;(0) is determined by normalization condition
N
. fal)=1. (14)
[=—~N
Using eq. (8) the stationary solution is given by

(N1)2 g 2\
Faeln) = £ (0 (N+n)!(N—n)!eXp(f’V’ﬁ")' (15)
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This expression may be simplified using Stirling’s formula

(M) >~ MIn M — M (16)
which yields
fa(n) = £ (0) exp[N V(z)] (17)
where £ = n/N and V(z) = %1‘2 —[(1+x)n(l+2}+ (1 —2)In(1 —2)].

The steady-state corresponds to extreme value of fi;, which may be found
from the condition

dV(x 2
di ) = -Kgfrst — (1 + o) — In(1 — xt)] = 0. (18)

Ir=ra

The solution to eq. 18 is given by

I = tanh (%Iq) . (19)
There is only one solution £y = 0 (n, = n,) to this transcendental equation for
0 < g < KT, which corresponds to the maximum of f.;. At the critical value of
interaction strength g = KT the stationary solution r. shows a secoud order
(continuous) phase transition to the two nonvanishing. symmetry breaking (n, #
n,), solutions.

In a variety of contexts, physicists have noted the possibility that in the crit-
ical state independent microscope fluctuations can propagate so as to give rise to
instability on a macroscopic scale (Stanley 1971). In a “noncritical” state. changes
in one part of the system have a sufficiently weak effect upon neighboring parts so
that the state in different regions of the system is correlated over short distances
only. On the other hand. when some parameter of the system is “tuned” to an
appropriate value (in our case ¢ = KT'), a critical globally correlated state may
be reached, in which spontaneous macroscopic fluctuations may be observed and
arbitrarily small external influences can have strong effects upon the macroscopic
state. Moreover, near the critical state the systems are characterized by extreme
rapidity with which they respond to external perturbations.

Summarizing, we may say that at appropriate values of interaction strength
between ion channels, biological membranes are anomalously sensitive to external
influences of various kinds. This effect may be of particular importance in the
phenomenon of electrocommunication (Blumenfeld 1983; Bullock and Heiligenberg
1986) where some cells or organisms are able to sense very weak force fields, either
electrical, magnetic or mechanical.
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