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Analysis of Models of Single-File Diffusion
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Leninsky prosp. 31. 117071 Moscow. USSR

Abstract. Theoretical models of single-file transport in a homogeneous channel
are considered. Three levels of channel populations were specified for which
different approximations could be used. The results of these approximations are
in good agreement with the results of a computer experiment (Aityan and
Portnov 1986). At low populations, the pair correlation functions were negligi-
bly small and allowed the use of linear approximation for unidirectional fluxes
and populations. The value of the pair correlation function and the respective
approximation for fluxes was obtained by the two-particles random-walk
technique. At extremely high populations. the “divider” technique was
proposed to describe the single-file transport. The divider technique allowed to
explain the exponential shape of the pair correlation function F*®, | profile at
extremely high populations. At medium populations the finite difference super-
position approximation was valid.

Key words: Single-file transport Unidirectional fluxes —— Pair correlation
function — Random-walk divider technique — Superposition approximation
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Introduction

In preceeding papers (Kohler and Heckmann 1980: Chizmadzhev and Aityan
1982; Aityan 1985) the theory of single-file diffusion has been developed. These
studies essentially considered equations for the functions of channel population
® (unary functions), including the pair correlation functions (in absence of
long-range interactions), in order to allow for correlations of occupation of a
single-file channel. Superposition approximation was used to close the equa-
tions. The superposition approximation is the most frequent approach used to
solve various body problems. Usually, it is supposed to agree with the exact
solution when interactions between particles are small (i.e. at low channel
populations). However, as shown by a computer experiment (Aityan and Port-
nov 1986), the developed theory correctly describes the behaviour of the system
even in superposition approximation in general. This approximation is valid
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only at low and medium population. At very high channel populations the
superposition approximation works only qualitatively; it does not account for
the flattening of the profiles of the pair correlation functions F** | describing
probabilities of simultaneous occupation of the n-th well by partcle A, and the
(n+1)-th well by particle B, as observed 1n the computer experiment. Either at
low channel populations the superposition approximation is not quite correct to
describe the pair correlation function F** . but the expressions for unidirec-
tonal fluxes turned out to be correct owing to the negligible smalness of these
correlation functions (Aityan and Portnov 1986). In the present paper we wish
to propose methods to calculate unidirectonal fluxes, populations and pair

correlation function F2? | for small, high and medium populations

1. The physics of the process

In order to distinguish the main features of the single-file nature of transport,
we shall use the following model proposed by Aityan and Chizmadzhev (1981)
and Aityan (1985). We shall suppose that the channel represents a successive set
of equipotential wells separated by equipotential barriers. No more than one
particle can be present in each well at a time Parucles are assumed to be
noninteracting (i.e. the only interaction here is the forbiddingness of the coexis-
tence of two and more particles in one well). We also supposed that the jump
of particles from one well into the adjacent vacant well is determined by the rates
(ime probability densities) of jump v, (from left to right) and v_ (from right
to left). The difference between v, and v_ in a homogeneous channel, 1e. in a
channel in which all wells are alike, physically means the existence of an external
field making the particles move predominantly in one direction. Furthemore, we
assume that the bath to left of the channel contains particles of type A while the
bath to the right of the channel contains particles of type B, each bath contain-
ing particles of only one type. The concentration of particles A in left solution
will be denoted C,. and that of particles B in the right solution Cy.

The passage of particles from the solution into the channel and backwards
will be described by in-rates constants (k,, and k) and out-rates constants (k,,
and k). We use formally different constants k5. k5, k14, Koy 50 that the results
shown in this section for 1ons can be used for holes in the high population case
The jump rate of a particle from solution into a vacant edge well will be k,, C',
and kg C,, for the first and L-th well respectively, where L is the number of the
right boundary well. The rates of passage of particles from the occupied bo-
undary (1 and L) wells of the channel into the solution are k., and k..
respectively.

To study the most characteristic features of single-file transport in the
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framework of this model, the problem of calculation of unidirectional fluxes is
of particular interest. Let us assume that the particles in both the right and the
left solution have the same kinetic properties (particles A in the left bath
(solution) against particles B in the right bath (solution)). Supposing that there
is a rapid mixing in the solutions, and the volumes of these solutions are large
enough, then the channel will be in contact with particles B at its right edge and
with particles A at the left one. Then the number of particles B passing per unit
time to the left solution through the channel will be termed unidirectional flux
Ju- Similarly, vnidirectional flux j, is defined as the number of particles A passing
per unit time to the right solution. Obviously, the total particle flux j (the axis
1s directed from left to right, i.e. from A to B) is

J=Ja—Js (1)
We shall consider the case with no external field (v, = v, = v). Let us present
the general results obtained by Aityan (1985) for single-file diffusion of nonin-
teracting particles in a discrete scheme. As has been shown by Aityan and
Chizmadzhev (1981), Chizmadzhev and Aityan (1982), and Aityan (1985), the
expressions for unidirectional fluxes contain the pair correlation functions. A
jump between two adjacent wells within the channel can occur under the
condition that one will is occupied and the other one is free:

I =R i — Faesi) (2a)
where F O, (F22 ) is the probability that the n-th well is occupied by particle

A and the (n + 1)-th well is vacant (or vice versa).
Similarly, for j, we obtain (the direction of j, is opposite to that of j,):

Js=V{Fpavi— Foavi) (2b)
OB . F20., are defined similarly to F5, ,, F20,,. For the total flux we have:
J‘= V( n].un+l == frr?,nﬂ) =j.»'\ '".:".B (3)

where F,° .| (the pair correlation function) is the probability that the n-th well
is occupied by any particle and the (n + 1)-th well is vacant. F}', ., is defined
similarly.

Obviously, in the steady-state case the fluxes (2) and (3) are independent of
the well number n.

For fluxes calculated at the boundary of the channel we obtain:

jA = k!ACA@? - km@? = kza@LA-
Js = kIA@IB = kIBCB@E - kzn@f »

where @, ©2, @F (unary correlation functions) are the probabilities that the
n-th well is vacant, occupied by a particle A or occuried by particle B, respective-

(4)
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ly. The unary functions @}, @ are also called populations. The correlation
functions satisfy the normalization conditions:

O+ +60=1, (5)

Fian % B H B =8 (6a)

Eravi ¥ FonivHFoh = 02, (6b)

B i B e ey = 8, (6¢)

Eh, + B8 4 Fod, =00 (6d)

Foos * B HFane = O (6¢)

PO £ B R, = 80, (6f)

By virtue of Eq. (5) we use the function

0,=1-0"=0"+ 6", (7

where @, is the probability that the n-th well is occupied by any particle. Particle
A cannot be located to the right of particle B because of the single-file character

of diffusion within the channel. Therefore
o = (8)

nn+l —

Using Egs. (2), (6), and (8) we get:

I ,
—a= @Ill\ = Ay — FAR | &

n+ | n.n+

v

L

—Jg:= 1:‘1‘I == @nB“FnA.E+I' (9)
v

L

=i = @n_@n—l

Vv

Egs. (9) show that the total flux under the conditions of single-file diffusion in
absence of any field is exactly the same as in the case of ordinary diffusion
(Aityan 1985). The expression for the unidirectional fluxes differs from the usual
diffusion by the term F2% .

With the known relationships between the correlation function F8 | and

n
O}, OF, we can find j, and j, by solving equations for @*® and F*? | (9), where
FA® is a known function of @ and @}

Now let us consider some special cases when the set of finite-differences
equations (4), (9) can be easily solved.
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2. Low populations

At low populations

0, < /L (10)

the probability of the occurrence of more than one particle within the channel
is low; the correlation function F'}, | in Egs. (9) can be thus neglected, and the
single-file transport is determined by free diffusion. The profiles of populations
O, and O, obtained from Egs. (4) and (9) for the case of low populations are
described by the linear expressions:

(1+L‘”h0h¢;

Vv

@A -
) L—1 '
ki + kop + kaakag
1)‘
(11)
n—1
(l + sz)kmCu
oF = =
? E—1 '
sz + k:ﬁ + —_sz\ k?B
v

For the case of a “rapid” exchange at the boundary
Kaas kags Kia Cos kg Cg > V. (12)
expressions (11) become

o L— Rk Cy g n—1kgCqy

O = —— ; Br= 4 (13)
L—1 ki, L—1 ky
For the unidirectional fluxes in the general case we have:
. kIACA/kEA
JA=77 -1 1
kia + kg +(L—1v
. kyCylk,
JB 1B B/ 2B {14)

B koa! + kap' +(L—1) y-!
= k1ACAJ(k2A e leCBJ‘kEB
ko' + k' +(L—1Dv

Thus, the fluxes are expressed in a form similar to the Ohm law (as it should be
for the linear case); the role of the resistance is played by inverse values of the



596 Aityan and Portnoy

0519

e =
L s

Fig. 1. Population profiles at @ = 0.0909, @} = 0.3333 (low populations): (1) ©,.(2) — O,
computer experiment. (3) — @F, computer experiment. (4) — @, linear approximation. (5) e,
lincar approximation (6) — @, superposition approximation. (7)  @F superposition approxima-
tion; L = 10.

reaction rates. The validity of results (13), (14) was checked by a computer
experiment, described by Aityan and Portnov (1986). Expression (13) turns out
to be valid for population profiles over a considerably large range of conditions
at the boundary (see Fig. 1). Fig. 1 shows that even for not small populations
(O} = 0.09, ©° = 0.33) the linear approximation plots for @> (curve 4) and &
(curve 5) practically coincide with the computer experiment (points: 2 — @
3 — @P). Total populations @ are calculated accurately, their profile is always
linear (curve 1).

3. The pair correlation function F'? | at low populations

In zero approximation at low populations the pair correlation functions are
negligibly small. Let us take the following approximation. Consider a pair
correlation function FAB which is the probability of both the m-th and n-th well
to be occupied by particle A and B respectively. Under the condition that there
can be no more than two particles in the channel at a time we can write for this
function the kinetic equations:

dE'F"?i = Il'}[‘Fr‘:?l.rl a5 F‘-:;-;!_n ar Ffl:_::-F + 'FAH (. 4!_“‘:5:‘ (IS)
{

m.n-
for

l<m<n—1<L-—1
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’ 1. corresponding to neighbouring particles. the equa-
tions take the form (the single-file condition is taken into account):

For the functions F}"?

dirﬂ,‘l = V[EM iy + AR L -2 (16)
1

for
l<m< L —1

The boundary conditions make the remaining equations take the form:

d

d—FI’I‘f =kisCAOF + V(FL2  +FE + BN — Qv+ B0 (17
{

Ln—1 I.n+1

at2<n< L;

d

d—Fr':ﬁ_ = kigCaOn + V(FLY L+ Fpl i+ FAY ) — Bv+ k) FAR (18)
!

atl<m< L—1;

(ﬁ:ld_Fl’?E = kigCp® + k\\CAO + V(FPE_ + FP) — Qv+ ks + kap) F'E5 (19)
!
d AR B AR ~AB
di F3 =k Ca0y) + vEY — (V4 kop) Fi3
dat
(20)
d

CTIFD?U = kisCsO | + VFi\?z,l_ s k?B}F{\PLL

Naturally, these equations generalize the random-walk kinetics for one particle
to the case of two particles random walk. At the same time equations (17)—(20)
allow for the fact that the two-particles state can be constructed only from the
one-particle state. Since equation (15) is homogeneous it is natural to try to
solve it in the form of linear combination of functions

R~ &mq" (21)
However, by substituting (21) into (15) and (16) we get two similar values for
each constant (£ and n)

Ea=m,o=1 (22)

The theory of linear finite-difference equations shows that in this case (when the
proper values of equations are equal) the solution must be linear for both m and
n. In the general case it is rather awkward but it principally does not cause
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Fig. 2. Profile of the pair correlation function F*! | for extremely low populations. &} = 0.001,
@ =0.002:(1)  computer experiment, (2) — the divider method approximation, (3) — “discrete”™
superposition approximation (the present study), (4) — “continuous™ superposition approximation
(Aityan 1984), (5) — F | calculated by the random-walk method. L = 10.

difficulties. We consider the case of “rapid™ boundaries (12) studied by Aityan
and Portnov (1986); the boundary conditions in this case are slightly different
from the above analysed boundary conditions (17)—(20). Condition (12)

provides the independence of the boundary wells population
Fi2 = 610F, F)} = O46F (23)

m. L

and this must be used as boundary conditions instead of (17)—(20). Finally,
solving the system (15). (16), (23), we get:

AmB[ D ~ -
pn _ OLOL [_(m DL —-n) m] 24
v L—1 L-2
and
A B
i -—M—[z{n—l}(L—n—IHLhz] (25)

n.n+l _(L— i)(L—2)
At a sufficient channel length we have:

FAB | x2000P (26)

nn+
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Fig. 3. Channel populations at high boundary wells populations. (1) — “hole™. (2)  “divider™. a)
divider within the channel. b) — divider at the channel boundary.

The estimated correlation function is in good agreement with the results of the
computer experiment (Aityan and Portnov (1986)). Fig. 2 shows that expression
(25) (curve 5) is on quantitative agreement with the computer experiment
(crosses) while the superposition approximation (Aityan 1985) (curves 3 and 4)
gives only qualitative agreement. The spread of the points is considerable
because of negligible probability of the AB pair formation. The number of
iterations in the computer experiment is shown in Table.

With the help of the results obtained we can calculate the first non-linear
component in unidirectional fluxes:

vo! L+6

n=T (1 ~~5 @P) (27)

Expression (27) shows that at low populations the deviation from linearity is
about two times larger than it follows from the superposition approximation of
the pair correlation function F*® | (Aityan 1985). The results for fluxes are in
agreement with those of the computer experiment as well (see Table. lines
1—6, 18, 19, 23).

4. Extremely high populations

Now consider the case of an extremely high population. In this case almost the
whole of the channel will be occupied (Fig. 3) and the transport process will be
determined by the motion of holes. We consider a case with the concentrations
in the solutions being so high that the probability of the occurrence of more than
one hole within the channel excluding the utmost wells is negligibly small. This
is observed on the condition that

O =1-0,<I/L (28)



Table. Logarithm of umdirectional flux (-In (j,))

y B Eificas Divider SL!!quposiI%?n S‘uperpositiqp Coiipiiter Interactions
N L . discrete ‘continous . . .. number {min)
| L approximation method . s experiment
approximation approximation comp. exper.
1 2 3 4 5 6 7 8 9 10
1. 10 0.00100 0.00100 9.10498 9.68440 9.10702 9.21200 910328 1.0
2, 10 0.00100 0.00200 9.10498 12.92084 9.10906 9.21368 9.12747 4.0
3. 1 0.00990 (0.00990 6.81234 7.42753 5.8326K 6.93440 684830 0.6
4. 10 0.09090 0.09090 4.59512 5.51141 4.79523 485924 490236 1.0
5. i0 0.09090 0.16666 4.59512 3.74284 4.99300 5.00770 517342 1.0
6. 10 0.09090 0.33333 459512 14.40909 5.56296 5.39080 5.98493 0.5
i 10 0.23076 0.23076 J.66356 5.03587 4.24600 420236 442817 0.5
s 0 0.33333 0.50000 3.29583 3.34963 5.19961 4.55106 5.42227 03
9. 10 0.50000 .50000 2.89037 5.08759 4.67928 4.08079 4.60953 0.6
10. 0 0.50000 0.60000 2.89037 692103 5.71095 4.44429 5.43926 1.0
1. 10 0.50000 0.70588 2.89037 9.68340 7.22360 4.89070 6.62187 1.0
12 Hi] 1.50000 1.83333 2.89037 14.59564 9. 56061 5 48883 9.69032 0.5
13. i 0.85714 .88235 2.35137 715583 13.15944 +.84708 6.72491 0.5
4. 10 .99010 1.99010 22077 3.79207 16.24002 552315 8.74868 0.0
15 0 0.99850 0.99900 2.19872 12.67542 19.52741 S05130 12.50719 (2.5
16. Y .99875 1.99900 219847 11.88068 19.52713 £04973 12.02042 2.5
17. HY 0.99900 0.99900 1.19822 1108341 15.72024 5.04312 1108342 85
i8. 15 (.00100 0.00100 9.54681 10.17237 9.54967 9.61831 0.53926 2.5
19 5 0.00200 $.00300 4.85366 12.73003 4.86227 393018 3 32046 0.5
20. 15 0.23076 0.23076 4.10539 5.81015 4.98164 4 36602 5.18075 1.0
2L 15 0.75000 0.75000 292674 6.57182 10.28105 6.23218 5.83737 |.8
22. i5 0.99010 099010 2.64900 9.75256 19.97770 745232 971369 4.0
23 7 0.00990 1.00990 2.40687 694337 6.42239 6.57283 6.42972 1.0
24, 7 1.50000 0.50000 2.48450 427666 3.70830 1.33230 185604 1.0
25. 7 0).66666 0.83333 2.19722 7.35203 6.57883 375277 6.00706 1.0
26. 7 0.75000 0.75000 2.07944 476502 4.86228 3.38572 4.49717 10
27. 7 0.90909 0.90909 1.88707 5.69373 7.40703 146407 5.79315 1.0
28. 7 0.99900 0.99900 1.79275 10.16726 17.17724 358885 10.18957 1.0

009

ADULIO pu® uvAny
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The interface between particle A and B within the channel (we shall call it
the divider) can be shifted by one well to the right (to the left) under the
condition that a hole should pass trough the channel from right to left (from left
to right). For particle A, the jump from the L-th well into the solution (unidirec-
tional flux), is equivalent to a hole entering the channel from the right side. If
subsequently this hole leaves the channel in opposite direction imto the right
solution, then the L-th well would be occupied by a particle B. We shall obtain
quite analogous results if we consider particle B presents in the first well. The
following notation will be used hereafier: Z,-the number of holes that entered
the channel trom the left bath per unit time; there of: Z, -those that have left
the channel to the nght, Z, -those that have left the channel to the left. Z;-the
number of holes that have entered the channel from the right bath per unit time;
there of: Zy -those that left the channel to the left, Z, -those that have left the
chanuel to the right.

If we denote p, the probability that the divider is located between the n-th
and (n + 1)-th well. and p, (p,) 1s the probability that the channel is free of
particles A, (B) 1. ¢ the divider 1s located on the right boundary, then the mouon
of the divider will be described by the following equations:

d = :
— = ZHI Paoy + é.-\b o — {’{'\ + 'ZHI )[}[i , Lwinl—1

dr
dif’- =(Zs +Zg)py+ L3 py—Z5 + Zg)p,:
I

" (29)

{I’I’L- v =(Zg +Z)p +Zgp s~ (25 +2Zg )Py
d g . o d , o
—P=Lip— Ly +Zg)py. —p=Zgp Ly +Z)p, .
dr dr

Note that in approximation (28)
}:I:\.il':?l = pu (J'(]J

This description does not consider fluctuations of the divider position in the
process of Brownian motion of holes within the channel. The duration time of
hole wandering 1n the channel as compared to the time interval between two
subsequent entrances of a hole into the channel may become the criterion of the
approximation validity.

We would like to stress the interesting specific features of equations (29) for
dp; and gﬂJ-. The equations foi dp, and & have. in comparison with
de dr dr ds
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dpy
dt
rence of these additional terms arises from the fact that a hole that has entered
the channel, e.g.. from the left bath, and has left the channel again to the left,
exchanges the left boundary particles in the channel (A or B) for a particle of
type A. If the divider is located inside the channel or at the right-side boundary,
then its position in this case remains unchanged (the state of the channel is
determined by the position of the divider and remains unchanged as well). If the
divider was located at the leftside boundary then in this case B in the first well
is exchanged for a particle A, which shifts the divider by one position to the
right.

Complementing the set of equations (29) with the normalization condition

equations for =" (1 < n < L — 1). additional terms Z, p, and Z; p, . The occur-

¥ pa=1 (31)

for the steady-state case we obtain a closed system of linear equations with
constant coeflicients. the solution to which 1s:

Ly L

M= = e e o /([ "/ )I (32)
Z-+ 27 i[,+/ P
Po=7vZg/Zy)", (33)
where
Zi _ (_Z_)
q Z7 PZENE 7 N
plafa A (*“) et (34)
Zi+Zy  Zy +Zi \Z§ _Zs
Z:
The unidirectional fluxes are:
Ih=Zepy =(Zg + Zg)p, .
(35)

;’}; - Z;\pn - (Z,\h =+ Z\ ) Py -

The argumentation reported herein does not consider the character of motion
of the holes: expressions (32)—(35) are thus valid for any arbitrary energy
profile of the channel, and for external field and long-range particle interactions.
The above consideration indicate that at high population, the calculation of
unidirectional fluxes may be reduced to the calculation of values of Z. These
values for unidirectional fluxes of holes are easy to calculate for homogenous
channels (i.e. when the channel charactenstics are determined by the channel
length and boundary conditions) without any field. The motion of holes is quite



Single-file Diffusion 603

similar to that of particles with the transition constants and correlation func-
tions (in expression (3)) being replaced:

kiaCa = kony  kipCy = kg

kan 2 KkACh, kg — K sCy,
O—1-0,

B~ B s Folywy = Fiuy

¢ and &P denote the probabilities of the occurrence in the n-th well of holes that
come from the left and the right solution, respectively. Considering that by
virtue of (28) the nonlinear terms can be neglected. we get:

Zy = kiCelt's Zi =hkaCalls Zy =k,

(36)

+ + #B v B (37)
ZB = ki.-\(.-\'bl , Lpg = ""'JHCB(:L . Ly = k?H'
and
Go = Coni =2ZL (¥
Snt A (38)

bt + G2 =2 |v.
[t is easy to see that expressions (38) are completely analogous to expressions
(9) for low populations (without F*¥ ). all the characteristics of particle motion

nn+l

in (9) are replaced by respective characteristics of holes motion.
Since

Zi=ZF % Zi, Tu=27 + Zq (39)

for Zy and Zg we have:

9 - L - I —~ ~
g ZikmCﬂkg,\: Zx =k_;\(kl.-\c.¢\+ y ki.ﬂ\(.-\;"mca)i

A
(40)
o ik L= i
Zy = —k\Cpkag: Zy =—(kpCy+ kiaCak pCp ) -
A A v
where
L—1

A=k Ch+ kgCp + —'kIACAkIBCB' (41)

V
At the same time for Z the following relations are valid:

Zy=kin. Zy=kyp (42)
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z: 1z = KwCokan (43)
kiaCak,

The substitution of the obtained expressions into equations (32) and (35), yields
a complete solution to the problem of unidirectional fluxes at high populations.
It is evident from expressions (33) and (43) that the profiles for p, or Fop, |
(which in fact are the same) appear as exponents or (when @' = @) constants.
Now we obtain expressions for F.'® | and j,. j for the case of “rapid” boun-
daries (12): for this case the obtained expressions cannot be used directly as the
probability of the occurrence of more than one hole in the channel cannot be
neglected*. However, by virtue of (12), it is possible to single out boundary wells
as special ones (they start acting as solutions). Using transformations defined by
Aityan and Portnov (1986) we get a model system with a number of wells less
by two than in the initial system. Theoretical results for the distribution of the
divider (correlation function F*® ), corresponding to the conditions of the
CO[llplIldl' E.erl"in"lﬁlll. assume the form:

plnpl. @ IL B

B B o By 0
vl —6) ,“:,/(l__‘, l<n<L-1;

pi = : . Sod
| [l—@i‘\)(L—Z)-k]—@F | - "|"\
7(1 — o} | — oF\'
p{.—i = — B‘f I) —————(—————Ill'\)
(1-6H)(L—-2)+1- 60\l —-86
y! |- & L (1= 09 (1~ efy?

B +
I=ONL-D+1-6 (1-0)(L-)+1-60" (4

H1 === (1 -0l -6l — M) (el - 6.

The substutution of the expressions obtained into equations (32) and (35),
yields a complete solution to the problem

=8~ e[ - 6/ - )"

' (1-60HL-2)+1-06

_,__—ehu-en
(1—OMNL—-2)+1-6F

(45)

where

* This is due to the fact that for the case of “rapid™ boundarics the condition of relative
shortness of 4 hole life in & channel 1s not valid.




Single-hle Diffusion 605

(0 A B
1 nnel Te
3
Al
(})l f"nnq
o3
4 :
| S
gk L e e s e Y [ . f
/ ’ ‘. o e :
u_(.__;__,__, I ;_._} 0 L e
1 X L1 1
Fig. 4. Profile ol the pau correlation Tanetion £}, for lugh populations, (1) — computer experi-
ment, (2)  the divider method approximation, (3) - “discrete” superposition approximation (the
present paper). (4) “contmuous T superposibion approximation, L = 10. a) &} = 0.9901,

O =0.9901.b) — @} =09990. &f = 0.9985.

1 -0)= kl"-—, I -6 = Ko (46)
kiaCy kigCy

and if k\, = kg, k.o = k.5 the umdirectional fluxes ratio is

) . . C L=2
Rl =gt ba (*é) (47)
(L —2)C, + Cx \Cy

Results of calculations of F*?, | as compared to the computer experiment are
given in Fig. 4a, b. Fig. 4 (¢ — symmetrical case. b — asymmetrical case) shows
that the curve F*¥ | calculated by expression (44) practically coincides with the
results of the computer experiment (curve 2 and points 1). Results for unidirec-
tional fluxes are given in Table, (Nos 1417, 22, 28). It is easy to see that
expressions (44) and (45) are in very good agreement with the computer experi-
ment at extremely high populations. The accuracy of these expressions decreases
exponentially with the populations becoming smaller.

For medium populations the divider method gives inaccurate results (Fig. 5,
curve 2). Inaccurate results are obtained at low populations for F*? | (Fig. 2,
curve 2) and due to negligible F/'! | the divider method gives almost correct

result for populations @2, ©® and fluxes j,, j,.
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Fig. 5. Profile of the pair correlation function £ for medium populations. (1) -~ computer

n.n
experiment. (2)  the divider method approximation. (3) — “diserete™ superposition approxima-
tion (the present study). (4)  “continuous™ superposition approximation. L = 10a) @' = 0.5.
OF =09091. by O =05 60 =03333

5. The case of the superposition approximation
for the correlation function

We analyzed two limiting population cases and followed the dependences of the
main characteristics of the processon @, Lat @ < | /Land | — @ < /L. Aityan
and Chizmadzhev (1981) and Aityan (1985) described an approach based on
superposition approximation for the pair correlation function F

nn+lr
F e 00 G (48)

It was assumed for this case that the number of wells is large and that all the
characteristics have a smooth dependence on the coordinate (i.e. on the well
number), and thus

. o)
@ﬂ\ = @ﬁ\- == .
an (49)

~AB AmyB A B
‘Fn.nd ~ 6)" @“ i = @“ 6")“ ‘

The solution of Eq. (9) under these assumptions gave qualitatively correct
dependences for @, F? | j, (Fig. 5. curve 4, Fig. 6. curves 6 and 11). How-
ever, the range of validity of approximations (48) and (49) was not strictly
defined. Let us show that the superposition approximation (48) is valid at least
for the case when populations @, ©F have sufficiently nonsmooth profiles.
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)

Fig. 6. Population profiles for @* = 0.5, @' = 09091. (1) — @, (2} (6) — @>.(7) (1) &~
(2). (7) — computer experiment; (3). (8) — the linear approximation; (4), (9) — the divider method
approximation; (5), (10) — “discrete™ superposition approximation (the present study); (6). (11)
— “continuous’ superposition approximation, L = 10.

Indeed, it is natural to assume that not only F*? | but all the correlation

functions, as well as FP) |, can be represented by superposition approximation.
In order to simultaneously satisfy the single-file condition (8) the inequality

: rllj} I > @1?6;\1 1 {50]
must hold at least as far as maximum of the function F*? | is concerned. In this

nn+l
case the approximate equality

Fanoo~0 (51)

nn+

will be satisfied for the correlation function F*) = @@} .
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Inequality (50) can be satisfied only at the very strong difference between
@M% and @}P in the range of F*® | maximum. That i1s why the “continuous™
superpo:.lllon approximation (Aiyan 1985) (48) and (49) 1s less accurate than the
approach based on “discrete™ superposition (48) given below.

Substituting (48) into (9) we obtain:

&t = (1=8:080 —dif
nt+l — .
| — e
(52)
o []—&),, DOE — /v
M -

In the general case these equations do not have any analyucal solution (as.
incidentally. do not the equation with derivatives. obtained by Aityan (1985)).
However. in the symmetrical case which is important for the understanding of
the single-file character of transport

® = @ = const (33)

the exact solution to equations (52) can be found: 1t has the form (for @ the
solution is quite analogous because the conditions are symmetrical):

Q,‘ = (I L AI}/]'J" + ﬂ(l - /]I-_‘J/JL_P 3 (54}

where

&, /
i § = + 1A 55)
4 2 \X4 v :

Substituting (54) and (55) into equations (4) and solving them. we can find the
two unknown variables p and j,. Assuming that the population 1s not too
low, i.e.

OzI1L (56)
and that the channel contains a large number of wells
L>1 (57)
we have
L=1+/v0, 4L=1+ 0, (58)

— jA/ VO + 1 —- )"
l+u(l —@" '

o = (59)
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where g is obtained from the boundary conditions. For the case of “rapid”
houndaries

u=—(1 -0+, (60)
Ja=vO(1 — O)", (61)

(—ji + X1 — @)")(—£+ uel — et )
= L e . (62)

(1 +pul =+ pu(l — O™

Expressions for F/*®, | are in good agreement with the computer experiment for

medium populations (Fig. 5. curve 3; 5« corresponds to larger populations, 5b
to lower populations). It is clear that “continuous™ superposition approxima-
tion gives only qualitatively correct results (curve 4); the divider method is
completely invalid here (curve 2). It could be actually proven that in symmetrical
case unidirectional fluxes are maximal at medium populations. Then, the po-
pulation profile has a shape of an arctangens profile with an inflection point in
the middle of the channel; the pair correlation function F22 , has a non-
monotonous profile with the maximum in the middle of the channel. Expression
(52) for @ and j, gives the right result at medium as well as at low populations
(Fig. 1, 6, Table: lines 112, 18--20, 23- -25). From Fig. 6 it is clear that at
medium populations approximation (52) gives a quantitatively correct result
(curves S and 10). The linear approximation (curves 3 and 8) and the divider
method (curves 4 and 9) do not agree with the computer experiment. The
“continuous™ superposition approximation (curves 6 and 11) gives qualitatively
(but not quantitatively) correct results. Calculations associated with super-
position approximation of correlation function F? ., incorrectly describe its
behaviour at extremely high populations (Fig. 4), while “‘continuous™ ap-
proximation (Aityan 1985) (curve 4) gives correct results at least for the value
order (that is why this approximation gave qualitatively correct results for
unidirectional fluxes). “*Discrete” superposition approximation gives entirely
nonphysical results for extremely high polulations: normalization of the correla-
tion function F*8 | (curve 3) yields values several times higher than unity.

Strictly speaking, superposition approximation cannot be used at extremely
low populations because the normalization condition for the pair correlation
functions is not valid. The function F?, | calculated by this approximation is
about half the exact correlation function, calculted using the random-walk
method (Fig. 2, curves 3 and 4).
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Discussion

Our investigations of the process of single-file transport allowed adequate
description of this process for any population. Particular attention was paid to
the pair correlation function F*® | which plays the principial role in the single-
file transport process (Aityan 1985). Three ranges of populations for which
different approximations are valid have been found. At low populations, the
transport is accomplished by independent motion of particles, which is de-
scribed by the free diffusion equations. The pair correlation function F*®_ | in
zero approximation (9) can be neglected. To define corrections of the next order
of smallness of populations, the function F'?, | had to be determined. This was
done by the two particles random-walk method and turned out to be about two
times larger than when determined by superposition approximation (48). The
nonlinearity in the expressions for unidirectonal fluxes also turned out to be
about two times larger as compared to superposition approximation values. The
fact that superposition approximation, seemingly natural at low populations,
does not work. and that the pair correlation function has the form
FM 22026, |, can be explained quite easily: while substituting the ex-
pressions in superposition approximation of the pair correlation functions into
equations (4) and (6), it is necessary to substitute the superposition approxima-
tion of the pair correlation function FY) . which is approximately equal to the

n,

correlation function F*® . Since FP? | = 0, to save the normalization equation
it is natural to assume that the doubled expression for the superposition ap-
AB

proximation will be correct for F'}, .

At high populations single-file transport is described by the divider diffusion
method. This method means that a rather complex and difficult problem of the
pair correlation function comes to just two problems of unary functions solved
in succession, i.e. for channel population marked by the holes ({*, &) and for
the unary function of the divider distribution showing the coordinate of the
interface between two types of traced particles in the channel. This method gives
good results at high populations when there are practically no vacant places
(holes in the channel). The results described with high populations have a wider
range of applications exceeding the framework of assumptions of particle
motion in a channel as defined herein. In particular, it allows the solution of
single-file transport within a channel with an external field applied as well as
within nonhomogeneous channel.

The investigation of the limits of applicability of the superposition ap-
proximation has shown that the latter can be used with population profiles
changing abruptly. This is the case with highly nonhomogeneous channel
populations (the concentration of particles in the solution sharply differs from
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that in the other solution), as well as with medium populations.

Thus, the solution to the transport problem of single-file is provided for all
levels of population — low, high and medium. The analytical calculations made
in the study have been confirmed by a computer experiment carried out using
an ES-1060 computer (Aityan and Portnov 1986).

Acknowledgement. Authors wish to thank Prof. Yu. A. Chizmadzhev for useful discussions and
critical remarks.
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